For the constant frequency case, we introduce a special type of Ermakov-Pinney equations with nonlinear dissipation based on the corresponding Chiellini integrable Abel equation. General solutions of these equations are obtained following the Abel equation route. Based on particular solutions, we also provide general solutions containing a factor with the phase of the Milne type. In addition, the same kinds of general solutions are constructed for the cases of higher-order Reid nonlinearities. The Chiellini 'dissipative' function is actually a dissipation-gain function because it can be negative on some intervals. These are the first examples of integrable Ermakov-Pinney equations with nonlinear 'damping'.
I. INTRODUCTION
The nonlinear Ermakov-Pinney (EP) equation has long been known to have profound connections with the linear equations of identical operatorial form without the inverse cubic nonlinearity and because of this it has been seen as an example of 'nonlinearity from linearity' [1] . A historical overview has been written by Leach and Andriopoulos [2] and the fundamental importance of the EP equation for parametric oscillators, both classical and quantum-mechanical, with their vast application reaches, is well established in the literature.
Already in 1880, Ermakov introduced the following pair of equations [3] ÿ + ω 2 (t)y = 0 , x + ω 2 (t)x − κx −3 = 0 ,
for which the linear equation is endowed with the so-called Ermakov dynamic invariant
We label here this invariant by the tuning parameters of the nonlinear term of the two equations. When κ = 0 one gets I 00 = W 2 , where W is the Wronskian of two solutions of the linear equation. Thus, Ermakov's invariant can be considered as a generalization of the Wronskian. Modern research on this invariant started in the 1960s when Lewis rediscovered it and also provided applications in quantum-mechanics [4] . In particular, Ray and Reid [5] and also Sarlet [6] introduced the following generalized Ermakov systems
and their associated invariants
When f = 0 and g = κ(y/x) the invariant I 0−κ is recovered. Recent works on the connections of the Ermakov systems with the nonlinear superposition principle belong to Cariñena and collaborators [7, 8] where the reader can find more references. The importance of Ermakov equations stems from the fact that they can be used to model the propagation of laser beams in nonlinear optics [9] , magneto-gas dynamics [10] , the mean field dynamics of pancake-shaped BoseEinstein condensates [11] , and cosmology [12, 13] and the same is expected from Ermakov systems.
In this paper, we determine the general solution of an Ermakov equation with an Abel-integrable nonlinear dissipation g λ (u) and constant 'frequency' function ω 2 (ζ) = λ 2 :
We get the solution using the corresponding integrable Abel equation and also we give a theorem for obtaining the general solution if a particular solution is known. In the latter case, the phase of the solution is of the Milne type [14] and the Ermakov invariant for a pair of nonlinear dissipative Ermakov equations of the type (5) with different nonlinearity parameters b and c is used in the derivation. We emphasize that Ermakov equations with nonlinear dissipation have never been considered before. For the general case of Ermakov equations with a linear dissipative term one has to resort on numerical methods because there are no Lie symmetries and reductions to simpler forms are useful only in particular cases [15] .
The paper is structured as follows. We first discuss briefly the basic properties of the simplest nondissipative Ermakov equation corresponding to the constant 'frequency' case. We next discuss the special EP equation with dissipation determined by Chiellini's integrability condition for the corresponding Abel equation of the first kind [16] . Its general solution is obtain through a method that makes usage of the Ermakov invariant of a pair of such dissipative Ermakov equations. Finally, the method is also applied to Chiellini-dissipative Ermakov equations with higher order Ermakov nonlinearities for which we also provide the general solutions. The paper ends up with some conclusions and three appendices in which several related mathematical issues are included for self-consistency reasons.
II. THE SIMPLEST EP (SEP) EQUATION

A. Solution of SEP
As is well known, if we have two linear independent solutions u 1 , and u 2 to
then a particular solution of the corresponding EP equation
is given by [17] 
where W is the Wronskian of the two linearly independent solutions, while the general solution can be written
, with the three constants constrained by the condition α 1 α 2 − α 2 3 = c. Let's take the simplest case, i.e., h(ζ) = λ 2 , a constant.
We call the EP equation for this case as SEP
which we also write in the form
From (8), its solution can be written in the form
The case λ 2 > 0 corresponds to the simple harmonic oscillator.
B. SEP equation with Chiellini dissipation
We build now the Ermakov-Pinney equation with Chiellini-type dissipation as an equation of the following format
where h λ (v) is as given in (11) . The dissipation term g λ (v) is obtained from h λ (v) using Chiellini's integrability condition [16] d dv
for Abel's equation of the first kind dy/dv = h λ (v)y 3 + g λ (v)y 2 corresponding to (13) . From (14) one easily gets
Before proceeding further, we want to mention that one can not get rid of the Chiellini dissipation term g λ (v) because this term corresponds to the quadratic nonlinearity of the Abel's equation
see Appendix A. The inverse of the Abel solution, [16] , is obtained from
which gives
Depending on the sign of λ 2 we have the following cases which give the general solution of (13)
It is worth noting that if we take c = 0, the reduced equation
has the harmonic solutions
cos √ 2λζ as if the nonlinear dissipation is not acting at all and the equation (20) is linear. Thus, one can also construct solutions of (13) in the standard Pinney form. The only feature is that the amplitudes of the harmonic modes are inverse proportional to the frequency.
It is also possible to construct a different form of the general solution for a SEP with Chiellini dissipation in terms of a particular solution as follows. We first get a particular solution from (19) by fixing ζ 0 = 0 and c 1 = γ
Then, the solution of the equation
with g λ as given in (15) is provided by the following theorem.
Theorem. For the Ermakov equation (22), with v γ (ζ) the particular solution as given in (21), and g λ (v) given by (15) , the general solution u(ζ) is obtained by
where the phase Θ =
dζ is of the Milne type [14] , and I bc is the following quantity
which is the Ermakov invariant for an Ermakov pair of equations of type (22) of nonlinear parameters b and c, respectively.
A version of this theorem for the non-dissipative case can be found in a paper by Qin and Davidson [18] .
Proof:
First, we construct the (invariant) quantity I bc , using (24). Then, using Θ = (24) we obtain the following separable equation
(25) has the same format as (18) with c = −2λ 2 , I bc = c 1 , b = 2c. But from θ = u v , one gets u = θv which leads to (23). Two more lemmas on I bc are given in the Appendix B, whereas the factorization of the dissipative Ermakov equations on which we focus here can be found in Appendix C.
C. Abel-dissipative SEP equations with 2m − 1 negative power nonlinearity
In this subsection, we show that the method of obtaining the general solution of the previous section can be also applied to equations with higher order Ermakov nonlinearties and associated Abel dissipation.
Reid has shown in [19] that the general solution to
provided that u 1 and u 2 are two independent solutions of (6), and
Notice that (27) is a direct generalization of (8) . We are interested in a general solution to
via the machinery of invariants. First, let us choose h(ζ) = +λ 2 , 0, −λ 2 , then (26) has solutions
For simplification, let us write (30) as
where 
Finally, the solution to (29) is u = vθ, with θ obtained by integrating (25).
Using the same λ = 
Note that for the case m = 2 which is the standard EP case the solution simplifies to
Plots of the u solutions for different values of m and all the other parameters set to the value of unity are given in Figs. (1)- (5) . Solutions u − are real, while u + are periodically pure real and pure imaginary. As for the solution u 0 displayed for the case m = 2 in Fig. (6) , it is pure imaginary on a symmetric interval around the origin and real in the rest. Notice also the diminishing of the amplitudes with increased order of the negative-power nonlinearity. But the most interesting feature of the 'dissipative' solutions is that they may have larger amplitudes than the nondissipative ones on some time intervals. This reveals the presence of gain effects. Indeed, from the plots of the function g(ζ) in Figs. (7)- (9), one can infer that this function is not always dissipative but it also has gain intervals.
III. CONCLUSION
A class of dissipative Ermakov-Pinney equations, either with standard m = 2 or higher-order m > 2 nonlinearities, and with nonlinear dissipation of the Abel-Chiellini-integrable type has been introduced. The general solutions are obtained directly by the Abel equation route and also using the dynamic invariant of Ermakov pairs of equations of this type and the particular solution of one member of the pair, both in the standard case and in the case of any odd Ermakov nonlinearity. The technique based on Abel's equation we used here is unique to the constant frequency systems and cannot be directly generalized to the case of time-dependent oscillators. This is due to the fact that the Chiellini integrability condition which plays a central role in obtaining the results do not apply to the cases when there exist an explicit dependence on the independent variable. Another remarkable aspect is that the Chiellini nonlinear dissipative function is in fact a dissipation-gain function which could have interesting applications in the propagation of pulses.
using chain rule and (25) and by substituting Θ = 
